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Fig. 1 Compound pendulum mounted in rotor bearing.

Coulomb Friction Model
A fundamental fact that has not received sufficient attention in the

literature on bearing dynamics is that simple rotation of a rigid body
attached to a journal rotating in a bearing gives rise to a two-degree-
of-freedom problem. This is illustrated in Fig. 1, where the journal,
which is a part of B, contacts the bearing at point C. The angles q\
and q2 that the lines OC and O'B* make, respectively, with a line
fixed in the inertial frame characterize the two degrees of freedom
of B. Coulomb's law of friction states that friction at the contact
point C prevents the bodies from sliding so long as the tangential
force at C does not exceed IJLS N, where IJLS is the static coefficient of
friction and N is the normal force; once sliding occurs, the friction
force f is described by

Introduction

M ODELING of friction is an important subject in all situations
involving contacting surfaces, and various friction models

exist in the literature.1"^ Reference 2 evaluated several such mod-
els and came to the conclusion that all models except the classi-
cal Coulomb model simulated equally well motion under friction
observed experimentally. This paper revisits four ways of model-
ing friction in bearings and examines these in the context of sim-
ulation of motion of a simple system, namely, a compound pen-
dulum (a payload) supported by a journal bearing. The friction
models considered are Coulomb friction, Dahl friction, and two
friction models not considered in Ref. 2, namely, the friction circle
model5 and viscous friction. It is shown that a realistic treatment of
Coulomb friction6 in a rotor bearing requires the consideration of a
two-degree-of-freedom model and the formulation of three sets of
dynamical equations, one valid for slipping, one for sticking, and a
third for transition from sticking to slipping. The other three fric-
tion models do not require such complex modeling and give rise
to simpler simulations. The price of such simplicity, as numerical
results show, however, is that, even though the motion of the pen-
dulum predicted by all friction models is essentially the same, none
of the models except the Coulomb model provides the detailed in-
formation on high-frequency chatter and the stick-slip nature of the
motion.

Journal Bearing Friction: An Example
A pendulum with friction at its hinge provides a simple system

involving rotor bearing friction. Figure 1 shows a compound pen-
dulum B mounted in a bearing, with points O and O' being, re-
spectively, the centers of the bearing and the journal, the bearing
clearance having been exaggerated for the sake of clarity. The pen-
dulum is of mass m and centroidal inertia J, the journal radius is r
and the bearing radius R\ and the distance from O' to B*, the mass
center of B, is L along the unit vector b\.
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\vc\ (1)
where p,k is the kinetic coefficient of friction and vc is the velocity
of the point C of B that is in contact with the bearing. The equations
of motion of the pendulum during sliding are

m[(R - Lq2 cosfe - q\) - Lq\ sin(q2 - q\)

- r)0i + rq2]

mL[(R - r)q{ cos(q2 - qi) + Lq2 + (R -

(2)

- q\)

- r)qi + rq2] (3)

where N, the normal reaction at the contact point, is given by

N =
(4)

Sliding gives way to rolling when the velocity of the contact point
is equal to zero, in which event

(R - r)qi (5)

In numerical simulations, the zero on the right-hand side of Eq.
(5) is replaced by 61 , a small number chosen arbitrarily. With rolling,
the number of degrees of freedom of the system is reduced to 1, and
the equation of motion becomes

[m[r2 -

R
R-r

L2] + J}iJ2

• qi) +mg(rsinqi - Lsinq2) (6)

This equation is valid so long as the tangential force at the contact
point is smaller than the static friction force. For the pendulum
supported by the bearing, this condition is expressed as

|m(S«- - -a2\ < (7)

where a8* is the acceleration of B*, g is the acceleration due to
gravity, a2 is a unit vector parallel to the tangent to the contact
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Fig. 2 Time history of contact angle q\ and pendulum angle qi with
Coulomb friction model. Solid curve shows slipping, sticking, and tran-
sition at contact point.

surface at C (see Fig. 1), and N is the normal reaction. In explicit
form, the requirement (7) becomes

\[-r + L cos(q2 - q\)}q2 ~ L

Lq2 sinfe - q\)[ r2q2

—-1-
R-r

- q\) + g sin qi \

q\ cos(q2 - q\)

+ g cos qi (8)

When the inequality (8) is violated, sliding begins. However, the
numerical continuation of the simulation of motion is impeded by
the fact that the velocity of the contact point at the end of rolling
is zero, so that Eq. (1) ceases to be applicable. This difficulty is
overcome by the following model of friction during the transition
to slipping6: Since the direction of the friction force is known at the
end of rolling, the friction force at the beginning of slipping is taken
as having this direction and the magnitude iikN. Accordingly,

F = - (aB* - gh\) - a2] (9)

where a8* is the acceleration of B* at the instant that Eq. (8) is
violated. The equations of motion are the same as Eqs. (2) and (3),
except that the argument of the sign functions in Eqs. (2) and (3) are
replaced by that in Eq. (9). These transition equations are valid until

(R - +rq2 = e2, (10)

where, like €\, 62 is a small number chosen arbitrarily.
Numerical integration of the equations of motion was performed

with the following parameter values and initial conditions: r = 1 in.,
R = 1.002 in., L = 20 in., mg = 10 Ib, J = 1 lb-in.-s2, fik = 0.13,
fj.s = 0.15, €1 = 0.005, €2 = 0.025; qi = 0, q2 = 45 deg, qv =
q2 = 0. The solid line in Fig. 2 is a plot of q\, and the dashed line
of q2, vs time. From this figure, it is clear that the contact angle q\
changes at a high frequency and that there is sticking at the interface
between the bearing and the journal at the end of each swing of
the pendulum, that is, whenever the sliding speed approaches zero.
The behavior of q2 is characteristic of the response of a pendulum
subject to dissipative forces. The high-frequency behavior of q\,
which seems to be a new result, may explain the pitting and fatigue
of bearings that are known to occur even under loads that vary
slowly. Finally, it is noted in Fig. 2 that rolling occurs briefly at
the end of each swing of the pendulum. Additional simulations
revealed that, as the ratio of the bearing radius to the journal radius,
R/r, increases, rolling of longer duration becomes possible in the
presence of sufficient friction.

Dahl Friction Model
As modeled by Dahl,4 the effect of friction forces on the journal

is represented, without any reference to a contact point, by a torque
T due to a couple acting to retard rotational motion. For a pendulum

TIME (SECOND)

Fig. 3 Pendulum motion as given by Coulomb, Dahl, friction circle,
and viscous friction models.

whose motion is characterized by a single rotational coordinate q,
the equation of motion is

[mL2 + J]q + mgL sing = —T (11)

where T, in accordance with the Dahl friction model, is given by
2

(12)

where y and rs are two experimentally determined parameters. In
Fig. 3 a plot marked with dashed lines corresponds to the solution of
Eqs. (11) and (12) for y = 105 in.-lb/rad and TS = 0.8 in.-lb. As can
be seen, the q-vs-t curve describing pendulum motion for the Dahl
friction model is essentially the same as that for the Coulomb model.

Friction Circle Concept
According to the friction circle concept,5 the total moment of all

friction forces about the center of the journal is the negative of the
moment of a certain force R that is applied to the journal tangentially
at a point of a circle of radius n,kr, where nk is the kinetic coefficient
of friction and r is the radius of the journal. In the present situation,
the force R is the resultant of the gravitational and inertia forces, so
that

R = m(Lq2 + gcosq)t>i - m(Lq + gsinq)b2 (13)

and the associated differential equation of motion of the pendulum is

(mL2 + J)q + mgLsinq

10.5
\q\

= 0 (14)

In Fig. 3, the q-vs-t curve representing pendulum motion corre-
sponding to this approach with ^k = 0.13 is marked with lines
broken by dots. Once again, we have the usual damped motion time
history.

Viscous Friction
If a thick fluid fim separates the rotor from its bearing, a descrip-

tion of the shearing action of the lubricant on the rotor is obtained
by solving the Reynolds equation in the theory of hydrodynamic
lubrication. Solutions of the Reynolds equation indicate7 the exis-
tence of a power law between the coefficient of friction /i and the
speed of rotation q, and the equation of motion becomes

2k-\

(ml1 + J)q +

+ mgL sing = 0,
V N )

0.7 < k < 1

Nr^L
(15)

AT = m(Lq2 + gcosq) (16)
Equation (15), in which v is the kinematic viscosity and w is the
width of the bearing, reduces, for k = 1, to the form generally
associated with viscous friction:

(mL2 -f J)q + cq + mgL sing = 0 (17)
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The solution of Eq. (17) for c = 0.5 is included in Fig. 3 as a curve
marked with a series of dots. We find that the motion of the pendu-
lum as described by any one of the three complex friction models
previously considered is essentially reproduced by the simple model
of viscous friction.

Conclusion
We have briefly reviewed four ways of modeling friction in bear-

ings, namely, the Coulomb model, Dahl model, friction circle model,
and viscous friction model. Although only Coulomb friction re-
quires the consideration of a two-degree-of-freedom model, it is
clear that this gives a richness of detail on stick-slip motion at the
contact point that is not given by the other friction models, even
though the gross motion of the rotor is reproduced equally well by
all four models. Coulomb friction requires three sets of differential
equations of motion corresponding to a single contact point, one for
sliding, one for sticking, and a third for the transition from sticking
to slipping. When friction must be considered at many bearings in
a system, a simpler friction model may be preferred.
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Introduction

S INCE the beginning of the space age much attention has been
given to the control and stability of artificial satellites. In the

1960s and 1970s many passive methods of stabilization were stud-
ied. (By passive we mean without the use of a control system.
Gravity-gradient, spin-stabilized, and dual-spin satellites are exam-
ples of satellites stabilized by "passive" means.) As time went on,
however, more and more attention was given to active control of
satellites and the interest in passive means of stabilization declined.
It is proposed here that an important passive means of attitude sta-
bilization has not been fully exploited, namely the use of guy wires
to improve the stability of flexible satellites.

The need for another means of passive stabilization may not seem
obvious due to the fact that control technology has evolved to the
point where satellites are routinely controlled to high degrees of
pointing accuracy. The advantage in designing a satellite that is
inherently stable in its uncontrolled state lies in the fact that the
power required to control such a satellite is much less than the
power required to control a more unstable satellite. This will become
increasingly important in the future as large space structures that are
extremely flexible are built.

Previous studies by the authors1'2 have shown that stability for
gravity-gradient-stabilized and dual-spin-stabilized satellites can be
achieved over a wide range of parameter values when guy-wire
constraints are used to constrain vibrations of flexible appendages
to torsional modes. This suggests that guy-wire constraints are a
promising lightweight method of increasing satellite stability. In
order to determine the extent of the benefits to be gained by using
guy-wire constraints in satellite design, however, it is necessary to
have a comparison of the stability conditions for a satellite model
with and without guy wires. This paper provides a comparative study
of stability conditions for Earth-pointing, dual-spin and gravity-
gradient satellites, with and without guy wires.

Satellite Model
The unconstrained satellite model consists of a dual-spin, Earth-

pointing, flexible satellite in a circular orbit about a spherically sym-
metric planet. The satellite model, shown in Fig. 1, consists of a
central body containing an internal rotor and two rectangular so-
lar panels supported by elastic, massless beams. The central body,
rotor, and panels are assumed to be rigid. Each supporting beam
has length L, principal torsional stiffness D^ and principal flexural
stiffnesses D$ and D^. The masses of the central body, rotor, and
panels are denoted by Mc, mr, and mp, respectively. The central
body has principal body axes ij, k, which are also principal body
axes for the entire satellite in its undeformed state. The origin O
of the i,y, k coordinate system is the center of mass of the central
body and the center of mass of the entire undeformed satellite. The
principal moments of inertia of the central body about the axes i,
j\ k are denoted Ac, Bc, and Cc. The center of mass of the rotor is
located at O and the rotor spins about the k axis at a constant rate
a>s relative to the central body. The principal moments of inertia of
the rotor about the axes ij, k are denoted Ar, Br, and Cr. Because
the rotor is axially symmetric, Ar = Br. The principal moments of
inertia of the panels about their principal axes are denoted Ap, Bp,
and Cp and the principal axes of the panels are aligned with the axes
1,7, k, as shown in Fig. 1.

Because the beams are elastic, they can flex and twist if the satel-
lite is disturbed. To describe the kinematics of such a deformation,
we follow the method developed by Crespo da Silva and Glynn3

as detailed in Ref. 4. Consider, for example, the right beam of
the satellite in Fig. 1. In general, each cross section of the beam
can experience an elastic displacement of its centroid and a rota-
tion about its centroid. Therefore, three generalized coordinates are
needed to describe the elastic displacement of the cross section and
three generalized coordinates are needed to describe the rotation of
the centroid. We now describe the kinematic notation of the beam
(Fig. 2). Let s denote the arc length of the beam. Then, we denote
the components of the elastic displacement vector of the centroid,
at an arbitrary location s along the i,y, k axes, by xR(s),yR(s), and
ZR(S), respectively. To describe the rotations, a coordinate system
£2CO, feCs), 172 fa) is embedded in the beam at each position s. In
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Fig. 1 Satellite model.


